Abstract. We study a fragment of propositional modal logics using the universal modality given by a restriction on the modal depth of modal formulas.
Introduction
Modal languages are usually considered as expressive languages for talking about relational structures. There is an important literature concerning the correspondence theory, the decidability/complexity and the axiomatization/completeness of various fragments of propositional modal logics obtained when their languages are restricted somehow or other [3, 8, 11] . In a number of disciplines of artificial intelligence and theoretical computer science, properties of artificial agents and computer programs essentially amount to safety properties and liveness properties. Safety properties can be expressed by modal formulas of the form [U ](start ∧ φ → (end → ψ)) ("if φ holds upon the start of an execution then if this execution terminates then ψ holds upon termination") whereas liveness properties can be expressed by modal formulas of the form [U ](start ∧ φ → ♦(end ∧ ψ)) ("if φ holds upon the start of an execution then this execution terminates and ψ holds upon termination"). In these formulas, [U ] means "at all time points", means "at every time point after the reference point" and ♦ means "at some time point after the reference point". Moreover, φ and ψ denote respectively a precondition and a postcondition. In most cases, preconditions and postconditions contain no modal operators. Thus, an obvious question is why we define languages of modal logic in the form of a general rule like φ ::
where a denotes a Boolean term and not in the form of a restricted rule like
, where a 1 and a 2 denote Boolean terms. To give evidence that such a restriction is fruitful, let us focus here on the following modal formulas:
where x, y and z denote Boolean variables. It is easy to verify that their standard translations in the language of first-order logic are respectively equivalent to the following first-order formulas:
This remark gives us a new research agenda for investigating the correspondence theory, the decidability/complexity and the axiomatization/completeness of fragments of propositional modal logics using the universal modality given by restrictions on the modal depth of modal formulas similar to the restriction suggested by the above rule. Due to space limitation, only fragments similar to the one given by the following restricted rule will be considered:
. These fragments will be called "Boolean logics with relations" for reasons that will become obvious during the course of the paper. Section 2 introduces their syntax. Their two semantics are given in sections 3.1 and 3.2. The first semantics is based on the notion of Kripke frame whereas the second semantics is based on the notion of Boolean frame. Section 4 examines our restricted modal language as a tool for talking about Kripke frames and Boolean frames. It initiates the study of its correspondence theory. The decidability/complexity issue and the axiomatization/completeness issue are addressed in sections 5 and 6. In section 7, the concepts of weak canonicity and strong canonicity are introduced.
Syntax
We now set up the Boolean logic with relations as a modal language. Let R be a countably infinite set of relation symbols denoted by capital Latin letters P , Q, etc, possibly with subscripts. Each P in R is assumed to be n-placed for some integer n ≥ 0 depending on P . To formalize the language L R , we need the following logical symbols: (1) symbols denoted by the letters ( and ) (parentheses), (2) a symbol denoted by the letter , (comma), (3) a countably infinite set of Boolean variables denoted by lower case Latin letters x, y, etc, possibly with subscripts, (4) Boolean functions 0, − and ∪, (5) a symbol denoted by the letter ≡ and (6) Boolean connectives ⊥, ¬ and ∨. We assume that no relation symbol in R occurs in the above list. Certain strings of logical symbols, called Boolean terms, will be denoted by lower case Latin letters a, b, etc, possibly with subscripts. They are defined by the following rule:
-a ::= x | 0 | −a | (a 1 ∪ a 2 ).
A Boolean term of the form x or −x is called a Boolean literal. The modal formulas of L R will be denoted by lower case Greek letters φ, ψ, etc, possibly with subscripts. They are defined by the following rule:
-φ ::= P (a 1 , . . . , a n ) | a 1 ≡ a 2 | ⊥ | ¬φ | (φ 1 ∨ φ 2 ).
